Cobb-Douglas Example

Div Bhagia
Utility Maximization
1.1 Problem Statement
The consumer’s problem is:
max z%y®
x’y
subject to:
Pt +pyy =1
x>0, y>0

1.2 Lagrangian Method

Set up the Lagrangian:
»C(:L‘, Y, >‘) = l,oay,@’ + )‘(I — Pz *pyy)

First-order conditions:

0L
B az®1y? —Ap, =0 (1)
0L
oy = BxoyPt — Ap, =0 (2)
0L

1.3 Solving for Demand Functions
From equations (1) and (2):

ar® Y’ _ Py
Broyf-t  p,
Simplifying;:
QY _ Pa
Br  p,
Solving for y:
PP,
y=—+= (4)
ap,



Substitute equation (4) into the budget constraint (3):
Bps

ap

Dy + Dy - z=1

Y

Solving for x:

Substituting back into equation (4):
. Bp, al pI

ap, (a+p)p, (a+P)p,

, pI
Y (pxapy>I) = m

1.4 Indirect Utility Function

Substitute the demand functions into the utility function:

V(pg,py I) = (<a f;)pl,)a ((a flﬂ)py)ﬁ

Simplifying:
aaﬁﬁ Ia+6

a+ B8 papy

V(g Dy, I) = (

__a*pf
Let K = W.

Ia+5

B

V(pg v, I) =K o
x /Y




Expenditure Minimization

2.1 Problem Statement
The dual problem is:

subject to:

where U is a target utility level.

2.2 Lagrangian Method
Set up the Lagrangian:

L(x,y, 1) = ppa + pyy + p(U — 2yP)

First-order conditions:

% :px—uamo‘*lyﬁz()
ox

0L o B
oy = PuHb y =0
oL -
—=U—-2%=0

o

2.3 Solving for Hicksian Demand

From equations (5) and (6):

a—1,,0

Py _ oz yt  ay

p, wBxeyfl T B

Solving for y:
PP,

apy

Y= €

Substitute equation (8) into the utility constraint (7):

B8
¢ (5]%:13) =U
ap,,




v — U/(@+8) (apy

B/(atB)
B, )

Rearranging:

~ o\ Bt D B/(atp)
xh(px,pw U) = (5) (py) U/ (e+h)
xr

Similarly, substituting back:

B /6 a/(a+pB) » a/(a+pB) _
P 0= (2) () g

2.4 Expenditure Function

The expenditure function is: B
E(p,,p,,U) = pya™ +p,y"

Substituting the Hicksian demands:

B/(a+B) B/la+B) a/(a+p) a/(at+p)
E=p, (9) (’7@4) GY/e) 4 (5> (px) {1/ (act8)
B P o Dy

Simplifying the first term:

N B/(a+8) o
, <a>5/< +8) <py ) _ (a)ﬁ/( +ﬁ)pg/(a+5)p5/(a+5)
-\ 3 P 3 Y

Similarly for the second term:

a/(a+B) a/(a+h) a/(a+8)
€T 18 « « «
D, (5) (p ) B (7) pole+B) Bl(atp)

- - x
« Dy « Y

Therefore: Sass) Joats)
a+ o/(a+
E = p2/ e+ pBlet8) 1 /(o [<O<> n < B ) ]
I3 o
Let: B/(a+B) /(a+8)
o at 8\ /@
C=(Z2 I
5+ ()
Then:

E(p,,p,,U) = C - pg/ Pt B i (as)
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