CES Production Function

Econ 502: Advanced Microeconomics

Definition

The Constant Elasticity of Substitution (CES) production function is given by:

F(K,L) = A[aK? + (1 — a)LP]"*
where:

e A > 0 is total factor productivity

o a € (0,1) is the distribution (share) parameter

e p <1, p#0 governs the elasticity of substitution
e 7 > ( governs returns to scale

The elasticity of substitution (defined and derived below) is o = lflp. Note then p = "?71, S0
sometimes CES function (for » = 1) is also written as:

F(K,L)=A[aK* +(1—a)L%|7"
CES function nests several important special cases:

o Cobb-Douglas: p — 0 (or ¢ — 1)
o Perfect substitutes: p — 1 (or o — 00)
o Perfect complements: p — —oo (or o — 0)

Returns to Scale

Scale all inputs by A > 0:

FAK,AL) = Ala(AK)? + (1~ a)(AL)?]"7?
= AV (aK? + (1= a)10)]"7?

=\ A[aKP + (1 —a)Lr]""

|[FOK,AL) = X" F(K,L)|
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The function is homogeneous of degree r: increasing returns if » > 1, constant returns if r = 1, and
decreasing returns if r < 1.

Marginal Products
Let Z = aK? 4 (1 — a)L” so that ' = AZ"/?. By the chain rule:

oF

P

MPy = AraK?™ [aK? + (1 — a)LP]/?7

By symmetry MP;, = Ar(1 —a)LP~1Z7/7~1 or:

MP, = Ar(1 — a)LP~ [aK? + (1 — o) LP]"/P7}

Marginal Rate of Technical Substitution
The MRTS is:

MP,  Ar(1—a)Lr~tZzr/e—1

MRTS = =
RTS MP; AraKr=17r/p—1

Canceling common terms, we get:

1—a (L\"!
MRTS = et
RTS = <K)

The MRTS captures the rate at which the firm can substitute capital for labor while keeping output
constant. For example, if M RTS = 2, then the firm can can replace one unit of labor with two
units of capital without changing output.

From the expression above, we can see that the MRTS at all input ratios is higher when:

o « is smaller (i.e., when labor is more important in production, so we need more capital to
substitute for labor)
o pis smaller (i.e., when inputs are more easily substitutable)

Additionally, the capital units needed to substitute for one unit of labor increases as the input ratio
K /L increases (power p — 1 is negative.)

Elasticity of Substitution

The MRTS tells us the rate at which a firm can trade one input for another while maintaining the
same output level, but it doesn’t tell us how responsive the firm’s input mix is to changes in that
trade-off rate. In other words, MRTS captures the slope of the isoquant at a point, but it doesn’t
tell us about the shape of the isoquant and how quickly the slope changes as we move along the
isoquant. The elasticity of substitution captures this responsiveness.
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In particular, the elasticity of substitution is defined as:

_ dln(K/L)
~ dIn(MRTS)

Remember changes in logs capture percentage changes (dIn(x) = dx/x). Therefore, o captures the
percentage change in the input ratio for a given percentage change in the MRTS.
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Figure 1: Two isoquants with the same MRTS at point A but different curvatures
Case K/L at A MRTS at A K/L at B MRTS at B
High 2.0 2.0 2.0 0.18 0.6
Low 0.5 2.0 2.0 1.09 0.6

In the above example, both isoquants start at point A with K/L = 2.0 and MRTS = 2.0. At point
B, both have the same new MRTS of 0.6. So the change in the marginal rate is identical. But look
at how differently the input mix responds. With high , K/L plummets from 2.0 to 0.18: the firm
dramatically shifts toward labor. With low , K/L moves by much less, from 2.0 to 1.09.

To derive that o = ﬁ, we start by taking logs of the MRTS expression:

o L
Plugging In(L/K) = —In(K /L) and total differentiating (o and p are constants):
dln(MRTS) = (1 — p)dIn(K /L)

Therefore:
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The elasticity of substitution is constant and it does not depend on input levels, which gives the
CES function its name.

Cost Minimization
Problem

For constant returns to scale (r = 1), the firm minimizes the cost of producing output ¢:

min wL +rK
K,L

)

subject to:

AlaKP + (1 — a)Lp]l/p =q

where w is the wage and r is the rental rate of capital.

Optimality Condition
Setting M RT'S = w/r (the price ratio):

Solving for the optimal input ratio:

Or equivalently:

K (1—@ r)_llp_ (1—04 r)_"
L « w - « w

This shows that o directly governs how the input ratio responds to changes in relative factor prices.

In applied work, the log form of the above expression is often used for estimation:

n(Z) =i (=5) - ()

Constant

So regressing log of relative input use on log of relative factor prices yields an estimate of the
elasticity of substitution o.

This shows that we can also express the elasticity of substitution as:



Econ 502: Advanced Microeconomics 5

> dIn(K /L)
~ dln(r/w)

where K /L is the equilibrium input ratio because in equilibrium M RT'S = w/r. So another way
to interpret o is that it captures the percentage change in the input ratio for a given percentage
change in relative factor prices.

Conditional Factor Demands

Substituting the optimal ratio back into the production constraint yields the conditional factor

l-a =

N
)p’l , SO we can write the
(3 w

demands. In particular, from the optimal ratio we have K = L - (
production constraint as:

A

Rearranging and solving for L:

L(w,r,q) =

_1
q l—a r\71 !
9 L 1

1 04( " w) + ( a)]

Taking common denominator for the term inside the square brackets:

g(aw) 7T

A

D=

Lwnria) = (1 = )r)#"5 + (1 = @) (o)1

Factoring out a(1 — «) inside the square brackets (note coming out from the brackets it will have
power —1/p)

D=

q(a'lU)P*l 1/p |:<1_a)ﬁrp751 +aﬁwﬁ:|,

Hn D = = oy

_1
Now noting K = L - (leO‘ . ﬁ) »~t, we can write the conditional demand for capital as:

o=

a((1—a)r) 7 e
K(w,T’,CI):A(a(l_a))l/p[(l—a)p re-1 4 1o :|

Cost Function

The cost function is the minimum cost of producing output ¢ given factor prices:

C(w,r,q) = wL(w,r,q) + rK(w,r,q)

Plugging in the expressions for L(w,r,q) and K(w,r,q):
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S SN PP B R SN
Clwr9) = Foa = (1= @777t 4 arwtt] 7 X

where ) )
X =w(ow)sT +7r((1—a)r)r—T

Which is the same as the term inside the square brackets, so we can simplify to:

p—1
— q N G| P
C(w’r’q>7A(a(1—a))1/p (1 —a)riret 4 qrTwe?

Interestingly, the cost function also has a CES form in factor prices, but with elasticity of substitution
p.
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