Cobb-Douglas Example

Econ 502: Advanced Microeconomics

Utility Maximization

1.1 Problem Statement

The consumer’s problem is:

max T
:I:)y

yﬁ
subject to:
P +pyy=1
x>0, y>0

1.2 Lagrangian Method

Set up the Lagrangian:

First-order conditions:

0L
5. = 0y = Ap, =0 (1)
0L
o Bayt1 — Ap, =0 (2)
0L

1.3 Solving for Demand Functions
From equations (1) and (2):

oz 1y’ py
Breyh~t  p,
Simplifying:
QY _ Pe
Br  p,
Solving for y:
y="Pry ()
ap,

Substitute equation (4) into the budget constraint (3):
Bps

ap

x=1

P, +py :
Yy
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Solving for x:

Substituting back into equation (4):
. DBp, ol 61

ap, (a+B)p, (a+B)p,

Y

8I

y*(pm7py’-[> = m

1.4 Indirect Utility Function

Substitute the demand functions into the utility function:

V(pg,py I) = <(afg)pz>a ((afé)l@)ﬁ

Simplifying:
aaﬁﬁ JotB

a+ )P papy

V(Dys Dy, I) = (

_ _a®pf |
Let K = W.

Ia+ﬁ
LB

V(pgspy, 1) = K -
x 7Y
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Expenditure Minimization

2.1 Problem Statement

The dual problem is:

min - p,x +p,y
I?y

subject to:

where U is a target utility level.

2.2 Lagrangian Method
Set up the Lagrangian: )
L(x,y, 1) = pox 4+ pyy + u(U — z°yP)

First-order conditions:

<

0% — b — a1y = 0
ox

8"5 a, -1
Oy ~ Py HPE y =0
z
i:U—xayﬂzO
O

2.3 Solving for Hicksian Demand
From equations (5) and (6):

a—1

py _ paz Ty’ ay
p, uBxeyfTl o pa

Solving for y:
Bps

Oépy

y=—*tw

Substitute equation (8) into the utility constraint (7):
B
o (ﬁpx x)
ap,
B
2O+B (ﬁpm) —
ap,

B
_ [ap
xoﬂrﬁ =U ( y)
B,

U

(i

¢ = Jl/(+h) (O‘py

B/(a+B)
By )
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Rearranging:

_ a\BlletB) rp \B/(eth) _
) = (6) (py) F1/(a+B)

Similarly, substituting back:

) grafleth) 1, \alerh)
P, 0= (2) () g
(0% py

2.4 Expenditure Function

The expenditure function is: B
E(p,,p,,U) = pa" +p,y"

Substituting the Hicksian demands:

B/(a+B) B /(a+p)
E=p (O‘)ﬁ/(aw) <py> * U/(eth) 4 p <B>a/(a+ ) <px>a " U/ (a+p)
TA\p P Y\a Dy

Simplifying the first term:

o B/latB) P, B/(a+p) o\ B/ (e+B) af(a+B8) B/(a+B)
Dz 3 ' 5 b .

Similarly for the second term:

3 a/(a+B) Py a/(a+B) 3 a/(at+B) o/l N
», <7> Py _ (7) pe/(e+8) B/ (ep)

« Py «
Therefore: )
B/(a+p) of(a+p
E = po/ (40 ,l(@t8) 1/ () (9) B < B )
I53 «

Let:

B <a>ﬁ/(a+6) N <B>a/(a+ﬁ>

=3 -
Then:

E(p,,p,,U) = C - pa/ @) pg/ 0B {1/ (ectB)
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