
Homework 8 Solutions
ECON 441: Introduction to Mathematical Economics Instructor: Div Bhagia

Exercise 9.2

1. (c) 𝑦 = 3𝑥2 + 3
𝑑𝑦

𝑑𝑥
= 6𝑥 = 0 → 𝑥∗ = 0

In the immediate neighborhood of 0, for 𝑥 < 0, 𝑑𝑦
𝑑𝑥

< 0, while for 𝑥 > 0, 𝑑𝑦
𝑑𝑥

> 0.
This implies that at 0, the slope of the function changes sign from negative to
positive i.e. the function was decreasing on the left of 0 but is increasing on the
right. So it must be that the function has a relative minimum ( 𝑓 (0) = 3) at 𝑥 = 0.
We can also confirm this by looking at the 2nd derivative:

𝑑2𝑦

𝑑𝑥2 = 6 > 0

The graph of this function is given below:
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2. (a) 𝑦 = 𝑥3 − 3𝑥 + 5

𝑑𝑦

𝑑𝑥
= 3𝑥2 − 3 = 0 → 𝑥∗ = ±

√
1

So, we have two critical values 𝑥∗1 = 1 and 𝑥∗2 = −1.

The derivative of the function, 3
(
𝑥2 − 1

)
, is negative on the immediate left of 1

(e.g. 0.9) and is positive on the immediate right of 1 (e.g. 1.1). While it is positive
on the immediate left of −1 (e.g. -1.1) but negative on the right (e.g. -0.9). So
the function should have a relative minimum at 1 and a relative maximum at -1.
However, the domain of this function is limited to positive real numbers, in which
case −1 is not permissible. So we only have a relative minimum 𝑓 (1) = 3.

The graph (solid line) of this function is given below:
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We could have also reached the above conclusion from the second derivative
test.

𝑑2𝑦

𝑑𝑥2 = 6𝑥

𝑑2𝑦
𝑑𝑥2 > 1 when 𝑥 = 1 → 1 relative minimum at 1
𝑑2𝑦
𝑑𝑥2 < 0 when 𝑥 = −1 → −1 relative maximum at -1
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3. 𝑓 (𝑥) = 𝑥 + 1
𝑥

𝑓 ′(𝑥) = 1 − 1
𝑥2 = 0 → 𝑥∗ = ±1

The derivative of the function, (𝑥2 −1)/𝑥2, is negative on the immediate left of 1
(e.g. 0.9) and is positive on the immediate right of 1 (e.g. 1.1). While it is positive
on the immediate left of −1 (e.g. -1.1) but negative on the right (e.g. -0.9). So the
function should have a relative minimum at 1 and a relative maximum at -1.

𝑓 (1) = 2

𝑓 (−1) = −2

Here, the relative maximum 𝑓 (−1) = 0 is lower than the relative minimum 𝑓 (1) =
2. However, it is still correct as these are just relative extrema. The graph for this
function clarifies this notion.
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4. 𝑇 = 𝜙(𝑥)

(a) 𝑀 = 𝜙′(𝑥)

(b) 𝐴 = 𝜙(𝑥)/𝑥

(c) Critical point:

𝐴′ =
𝜙′(𝑥)𝑥 − 𝜙(𝑥)

𝑥2 = 0 → 𝜙′(𝑥∗) = 𝜙(𝑥∗)
𝑥∗

(d) Elasticity of 𝑇 :
𝜀 =

𝜙′(𝑥)𝑥
𝜙(𝑥) =

𝑀

𝐴

When 𝑀 = 𝐴 → 𝜀 = 1

Exercise 9.3

2. (a) 𝑓 (𝑥) = 9𝑥2 − 4𝑥 + 8
𝑓 ′(𝑥) = 18𝑥 − 4

𝑓 ′′(𝑥) = 18 > 0

The function is strictly convex.

(b) 𝑤 = −3𝑥2 + 39
𝑑𝑤

𝑑𝑥
= −6𝑥

𝑑2𝑤

𝑑𝑥2 = −6 < 0

The function is strictly concave.

(c) 𝑢 = 9 − 2𝑥2

𝑓 ′(𝑥) = −4𝑥

𝑓 ′′(𝑥) = −4 < 0

The function is strictly concave.
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(d) 𝑣 = 8 − 5𝑥 + 𝑥2

𝑑𝑣

𝑑𝑥
= −5 + 2𝑥

𝑑2𝑣

𝑑𝑥2 = 2 > 0

The function is strictly convex.

3. (a) Concave but not strictly concave

1

2

3

0
𝑥

𝑦

(b) Concave and convex

1

2

3

0
𝑥

𝑦

4. We are given the following function:

𝑦 = 𝑎 − 𝑏

𝑐 + 𝑥
(𝑎, 𝑏, 𝑐 > 0, 𝑥 ⩾ 0)

(a)
𝑑𝑦

𝑑𝑥
=

𝑏

(𝑐 + 𝑥)2 > 0

𝑑2𝑦

𝑑𝑥2 =
−𝑏

(𝑐 + 𝑥)4 · 2(𝑐 + 𝑥)
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=
−2𝑏

(𝑐 + 𝑥)3 < 0

(b) When 𝑥 = 0,
𝑦 = 𝑎 − 𝑏

𝑐

(c) As 𝑥 → ∞, 𝑦 → 𝑎

We should restrict 𝑎𝑐 > 𝑏 to ensure consumption is positive. We should also
make sure consumption (𝑦) does not increase more than one-to-one with in-
come (𝑥), such that 𝑑𝑦/𝑑𝑥 < 1, so 𝑏 < 𝑐2.

5. 3
𝑥

𝑦

𝑓 (𝑥)
𝑔(𝑥)

𝑓 (𝑥) has infinitely many stationary points, while 𝑔(𝑥) has one stationary point 3.

Exercise 9.4

1. (b)
𝑓 (𝑥) = 𝑥3 + 6𝑥2 + 9

𝑓 ′(𝑥) = 3𝑥2 + 12𝑥

= 3𝑥(𝑥 + 4) → 𝑥∗ = 0,−4

𝑓 ′′(𝑥) = 6𝑥 + 12

𝑓 ′′(0) = 12 > 0 → 𝑓 (0) = 9 is a local min
𝑓 ′′(−4) = −24 + 12 = −12 → 𝑓 (−4) = 41 is a local max
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2.
𝐴 = 𝑥𝑦

2𝑥 + 𝑦 = 64 → 𝑦 = 64 − 2𝑥

𝐴 = 𝑥(64 − 2𝑥) = 64𝑥 − 2𝑥2

𝑑𝐴

𝑑𝑥
= 64 − 4𝑥 → 𝑥∗ = 16

To see if it is indeed the maximum:

𝑑2𝐴

𝑑𝑥2 = −4 < 0

3. (a) Yes

(b)
𝑅 = 𝑃𝑄 = (100 −𝑄)𝑄

= 100𝑄 −𝑄2

(c) 𝜋 = 𝑅 − 𝐶

= 100𝑄 −𝑄2 − 1
3
𝑄3 + 7𝑄2 − 111𝑄 − 50

= −1
3
𝑄3 + 6𝑄2 − 11𝑄 − 50

(d) 𝑑𝜋
𝑑𝑄

= −𝑄2 + 12𝑄 − 11 = 0

𝑄2 − 12𝑄 + 11 = 0

𝑄2 − 11𝑄 −𝑄 + 11 = 0

𝑄(𝑄 − 11) − 1(𝑄 − 11) = 0

(𝑄 − 1) (𝑄 − 11) = 0 → 𝑄∗ = 1 and 11

𝑑2𝜋

𝑑𝑄2 = −2𝑄 + 12

At 𝑄 = 1,−2 + 12 = 10 > 0

At 𝑄 = 11,−22 + 12 = −10 < 0, so profit maximizing 𝑄 = 11.
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(e)
𝜋 = − 1

3
𝑄3 + 6𝑄2 − 11𝑄 − 50

=𝑄

[
𝑄

[
−1

3
𝑄 + 6

]
− 11

]
− 50

Max 𝜋 =11
[
11

(
6 − 11

3

)
− 11

]
− 50

11
(
11 ×

(
7
3
− 1

)]
− 50 = 40.75

5. Profit function:
𝜋(𝑄) = ℎ𝑄2 + 𝑗𝑄 + 𝑘

(a) 𝜋(0) = 𝑘 < 0

(b) 𝜋′(𝑄) = 2ℎ𝑄 + 𝑗 , 𝜋′′(𝑄) = 2ℎ < 0 → ℎ < 0

(c) Critical point: 𝜋′(𝑄) = 2ℎ𝑄 + 𝑗 = 0 → 𝑄∗ = − 𝑗/2ℎ. Since we assumed ℎ < 0,
assuming 𝑗 > 0 ensures 𝑄∗ > 0.
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