
Homework 6 Solutions
ECON 441: Introduction to Mathematical Economics Instructor: Div Bhagia

Exercise 10.5

1. (a) 2𝑒2𝑡+4

(b) −9𝑒1−9𝑡

(c) 2𝑡𝑒𝑡
2+1

(d) −10𝑡𝑒2−𝑡2

(e) (2𝑎𝑥 + 𝑏)𝑒𝑎𝑥2+𝑏𝑥+𝑐

(f) 𝑑𝑦

𝑑𝑥
= 𝑥

𝑑

𝑑𝑥
𝑒𝑥 + 𝑒𝑥

𝑑𝑥

𝑑𝑥
= 𝑥𝑒𝑥 + 𝑒𝑥 = (𝑥 + 1)𝑒𝑥

(g) 𝑑𝑦

𝑑𝑥
= 𝑥2

(
2𝑒2𝑥

)
+ 2𝑥𝑒2𝑥 = 2𝑥(𝑥 + 1)𝑒2𝑥

(h) 𝑑𝑦

𝑑𝑥
= 𝑎

(
𝑥𝑏𝑒𝑏𝑥+𝑐 + 𝑒𝑏𝑥+𝑐

)
= 𝑎(𝑏𝑥 + 1)𝑒𝑏𝑥+𝑐

3. (a) 𝑑𝑦

𝑑𝑡
=

35𝑡4

7𝑡5
=

5
𝑡

(b) 𝑑𝑦

𝑑𝑡
=
𝑎𝑐𝑡𝑜−1

𝑎𝑡𝑐
=
𝑐

𝑡

(c) 𝑑𝑦

𝑑𝑡
=

1
𝑡 + 19

(d) 𝑑𝑦

𝑑𝑡
= 5

2(𝑡 + 1)
(𝑡 + 1)2 =

10
𝑡 + 1

(e) 𝑑𝑦

𝑑𝑥
=

1
𝑥
− 1

1 + 𝑥
=

1
𝑥(1 + 𝑥)

(f) 𝑑𝑦

𝑑𝑥
=

𝑑

𝑑𝑥
[ln 𝑥 + 8 ln(1 − 𝑥)] = 1

𝑥
+ −8

1 − 𝑥
=

1 − 9𝑥
𝑥(1 − 𝑥)

(g) 𝑑𝑦

𝑑𝑥
=

𝑑

𝑑𝑥
[ln 2𝑥 − ln(1 + 𝑥)] = 2

2𝑥
− 1

1 + 𝑥
=

1
𝑥(1 + 𝑥)
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(h) 𝑑𝑦

𝑑𝑥
= 5𝑥4 2𝑥

𝑥2 + 20𝑥3 ln 𝑥2 = 10𝑥3
(
1 + 2 ln 𝑥2

)
= 10𝑥3(1 + 4 ln 𝑥)

7. (a) Since ln 𝑦 = ln 3𝑥 − ln(𝑥 + 2) − ln(𝑥 + 4), we have

1
𝑦

𝑑𝑦

𝑑𝑥
=

1
𝑥
− 1
𝑥 + 2

− 1
𝑥 + 4

=
8 − 𝑥2

𝑥(𝑥 + 2) (𝑥 + 4)

Hence,

𝑑𝑦

𝑑𝑥
=

8 − 𝑥2

𝑥(𝑥 + 2) (𝑥 + 4) ·
3𝑥

(𝑥 + 2) (𝑥 + 4) =
3
(
8 − 𝑥2)

(𝑥 + 2)2(𝑥 + 4)2

(b) Since ln 𝑦 = ln
(
𝑥2 + 3

)
+ 𝑥2 + 1, we have

1
𝑦

𝑑𝑦

𝑑𝑥
=

2𝑥
𝑥2 + 3

+ 2𝑥 =
2𝑥

(
𝑥2 + 4

)
𝑥2 + 3

Hence,
𝑑𝑦

𝑑𝑥
=

2𝑥
(
𝑥2 + 4

)
𝑥2 + 3

(
𝑥2 + 3

)
𝑒𝑥

2+1 = 2𝑥
(
𝑥2 + 4

)
𝑒𝑥

2+1

Exercise 7.4

1. (a) 𝑦 = 2𝑥3
1 − 11𝑥2

1𝑥2 + 3𝑥2
2

𝑑𝑦

𝑑𝑥1
= 6𝑥2

1 − 22𝑥1𝑥2,
𝑑𝑦

𝑑𝑥2
= −11𝑥2

1 + 6𝑥2

(d) 𝑦 =
5𝑥1 + 3
𝑥2 − 2

𝑑𝑦

𝑑𝑥1
=

5 (𝑥2 − 2) − (5𝑥1 + 3) · 0
(𝑥2 − 2)2 =

5
𝑥2 − 2

𝑑𝑦

𝑑𝑥2
=

0 · (𝑥2 − 2) − 1 · (5𝑥1 + 3)
(𝑥2 − 2)2 =

−(5𝑥1 + 3)
(𝑥2 − 2)2

2
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2.& 3. (a) 𝑓 (𝑥, 𝑦) = 𝑥2 + 5𝑥𝑦 − 𝑦3

𝑓𝑥 = 2𝑥 + 5𝑦 → 𝑓𝑥 (1,2) = 12

𝑓𝑦 = 5𝑥 − 3𝑦2 → 𝑓𝑦 (1,2) = −7

(b) 𝑓 (𝑥, 𝑦) =
(
𝑥2 − 3𝑦

)
(𝑥 − 2)

𝑓𝑥 = (2𝑥) (𝑥 − 2) +
(
𝑥2 − 3𝑦

)
· 1

= 2𝑥2 − 4𝑥 + 𝑥2 − 3𝑦 = 3𝑥2 − 4𝑥 − 3𝑦

Then 𝑓𝑥 (1,2) = 3 − 4 − 6 = −7

𝑓𝑦 = −3(𝑥 − 2) +
(
𝑥2 − 3𝑦

)
· 0 = −3𝑥 + 6

Then 𝑓𝑦 (1,2) = −3 + 6 = 3.

5. 𝑈 = 𝑈 (𝑥1, 𝑥2) = (𝑥1 + 2)2 (𝑥2 + 3)3

(a)
𝑈1 (𝑥1, 𝑥2) = 2 (𝑥1 + 2) (𝑥2 + 3)3 =

2𝑈
𝑥1 + 2

𝑈2 (𝑥1, 𝑥2) = 3 (𝑥1 + 2)2 (𝑥2 + 3)2 =
3𝑈

𝑥2 + 3

(b) 𝑈1(3,3) = 2(3 + 2) (3 + 3)3 = 2 × 5 × 63 = 2160

7. (a)
𝑓 (𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦3 + 𝑧4

𝑓𝑥 = 2𝑥

𝑓𝑦 = 3𝑦2

𝑓𝑧 = 4𝑧3

∇ 𝑓 (𝑥, 𝑦, 𝑧) =


2𝑥
3𝑦2

4𝑧3


3
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(b)
𝑓 (𝑥, 𝑦, 𝑧) = 𝑥𝑦𝑧

𝑓𝑥 = 𝑦𝑧

𝑓𝑦 = 𝑥𝑧

𝑓𝑧 = 𝑥𝑦

∇ 𝑓 (𝑥, 𝑦, 𝑧) =

𝑦𝑧

𝑥𝑧

𝑥𝑦


Exercise 8.1

1. (a) 𝑦 = −𝑥3 − 3𝑥
𝑑𝑦 =

(
−3𝑥2 − 3

)
𝑑𝑥 = −3

(
𝑥2 + 1

)
𝑑𝑥

4. 𝑄 = 𝑘 𝑝−𝑛, 𝑘 > 0, 𝑛 > 0

(a)
𝑑𝑄

𝑑𝑝
= −𝑛𝑘 𝑝−𝑛−1

𝜀𝑑 =
𝑑𝑄

𝑑𝑝
· 𝑝
𝑄

=
−𝑛𝑘 𝑝−𝑛−1 · 𝑝

𝑘 𝑝−𝑛
= −𝑛

No, the elasticity does not depend on the price.

(b) When 𝑛 = 1, 𝑄 = 𝑘
𝑝
, 𝜀𝑑 = −1
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𝑝

𝑄

6. 𝑄 = 100 − 2𝑃 + 0.02𝑌

𝑃 = 20, 𝑌 = 5000 −→ 𝑄 = 100 − 40 + 100 = 160

(a)
𝑑𝑄

𝑑𝑃
· 𝑃
𝑄

= −2 · 20
160

= −0.25

(b)
𝑑𝑄

𝑑𝑌
· 𝑌
𝑄

= 0.02 · 5000
160

= 0.625

Exercise 8.2

3. (a)
𝑦 =

𝑥1
𝑥1 + 𝑥2

𝑑𝑦

𝑑𝑥1
=

1 (𝑥1 + 𝑥2) − 1 · 𝑥1

(𝑥1 + 𝑥2)2 =
𝑥2

(𝑥1 + 𝑥2)2

𝑑𝑦

𝑑𝑥2
=

0 · (𝑥1 + 𝑥2) − 1𝑥1

(𝑥1 + 𝑥2)2 =
−𝑥1

(𝑥1 + 𝑥2)2

5
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𝑑𝑦 =
𝑥2

(𝑥1 + 𝑥2)2 · 𝑑𝑥1 − 𝑥1

(𝑥1 + 𝑥2)2 𝑑𝑥2

4. 𝑄 = 𝑎 + 𝑏𝑃2 + 𝑅1/2 (𝑎 < 0, 𝑏 > 0)

𝜀𝑄𝑃 =
𝑑𝑄

𝑑𝑃
· 𝑃
𝑄

=
2𝑏𝑃 · 𝑃

𝑄
=

2𝑏𝑃2

𝑎 + 𝑏𝑃2 + 𝑅1/2

𝜀𝑄𝑅 =
𝑑𝑄

𝑑𝑅
· 𝑅
𝑄

=
1
2
𝑅

1
2−1 · 𝑅

𝑄
=

𝑅1/2

2
(
𝑎 + 𝑏𝑃2 + 𝑅1/2)

5.
𝑑𝜀𝑄𝑃

𝑑𝑃
=

4𝑏𝑃
(
𝑎 + 𝑏𝑃2 + 𝑅1/2

)
− 2𝑏𝑃

(
2𝑏𝑃2)(

𝑎 + 𝑏𝑃2 + 𝑅1/2)2
=

4𝑏𝑃
(
𝑎 + 𝑅1/2

)
(
𝑎 + 𝑏𝑃2 + 𝑅1/2)2

Denominator is positive. Numerator is positive when 𝑎 + 𝑅1/2 > 0. So 𝑑𝜀𝑄𝑃

𝑑𝑃
≥ 0

when 𝑎 + 𝑅1/2 ≥ 0 and 𝑑𝜀𝑄𝑃

𝑑𝑃
< 0 when 𝑎 + 𝑅1/2 < 0.

𝑑𝜀𝑄𝑅

𝑑𝑅
=

−𝑏𝑃2𝑅−1/2(
𝑎 + 𝑏𝑃2 + 𝑅1/2)2 < 0

𝑑𝜀𝑄𝑅

𝑑𝑃
=

−𝑏𝑃𝑅−1/2(
𝑎 + 𝑏𝑃2 + 𝑅1/2)2 < 0

6



ECON 441: Introduction to Mathematical Economics Homework 6 Solutions

𝑑𝜀𝑄,𝑅

𝑑𝑅
=

𝑅−1/2
(
𝑎 + 𝑏𝑃2 + 𝑅1/2

)
− 𝑅−1/2𝑅1/2

4
(
𝑎 + 𝑏𝑃2 + 𝑅1/2)2

=
𝑅−1/2 (

𝑎 + 𝑏𝑃2)
4
(
𝑎 + 𝑏𝑃2 + 𝑅1/2)2

Similar reasoning as before, 𝑑𝜀𝑄𝑅

𝑑𝑅
≥ 0 if 𝑎 + 𝑏𝑝2 ≥ 0 and 𝑑𝜀𝑄𝑅

𝑑𝑅
< 0 if 𝑎 + 𝑏𝑝2 < 0.

6. 𝑥 = 𝑦
1/2
𝑓

+ 𝑝−2

𝜀𝑥𝑝 =
𝑑𝑥

𝑑𝑝
· 𝑝
𝑥
=

−2𝑝−2

𝑦
1/2
𝑓

+ 𝑝−2
=

−2
𝑦

1/2
𝑓

𝑝2 + 1
< 0

7. (a) 𝑈 = 7𝑥2𝑦3

𝑑𝑢 = 𝑢𝑥𝑑𝑥 + 𝑢𝑦 · 𝑑𝑦
= 14𝑥𝑦3 · 𝑑𝑥 + 21𝑥2𝑦2 · 𝑑𝑦
= 7𝑥𝑦2(2𝑦 · 𝑑𝑥 + 3𝑥 · 𝑑𝑦)

(f) 𝑈 = (𝑥 − 3𝑦)3

𝑑𝑢 = 3(𝑥 − 3𝑦)2𝑑𝑥 + 3(𝑥 − 3𝑦)2(−3)𝑑𝑦
= 3(𝑥 − 3𝑦)2(𝑑𝑥 − 3𝑑𝑦)

7
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Exercise 8.4

2. (a)
𝑧 = 𝑓 (𝑥, 𝑦) = 𝑥2 − 8𝑥𝑦 − 𝑦3

𝑥 = 3𝑡

𝑦 = 1 − 𝑡

𝑑𝑧

𝑑𝑡
= 𝑓𝑥

𝑑𝑥

𝑑𝑡
+ 𝑓𝑦 ·

𝑑𝑦

𝑑𝑡

= (2𝑥 − 8𝑦)3 +
(
−8𝑥 − 3𝑦2

)
(−1)

= 6𝑥 − 24𝑦 + 8𝑥 + 3𝑦2

= 42𝑡 − 24(1 − 𝑡) + 3(1 − 𝑡)2

= 3𝑡2 + 60𝑡 − 21

(b)
𝑧 = 𝑓 (𝑢, 𝑣, 𝑡) = 7𝑢 + 𝑣𝑡

𝑢 = 2𝑡2, 𝑣 = 𝑡 + 1

𝑑𝑧

𝑑𝑡
= 𝑓𝑢

𝑑𝑢

𝑑𝑡
+ 𝑓𝑣 ·

𝑑𝑣

𝑑𝑡
+ 𝑓𝑡

𝑑𝑡

𝑑𝑡

= 7(4𝑡) + 𝑡.1 + 𝑣

= 28𝑡 + 𝑡 + 𝑡 + 1

= 30𝑡 + 1

(c)
𝑧 = 𝑓 (𝑥, 𝑦, 𝑡)
𝑥 = 𝑎 + 𝑏𝑡

𝑦 = 𝑐 + 𝑅𝑡

𝑑𝑧

𝑑𝑡
= 𝑓𝑥

𝑑𝑥

𝑑𝑡
+ 𝑓𝑦

𝑑𝑦

𝑑𝑡
+ 𝑓𝑡

= 𝑏 𝑓𝑥 + 𝑅 𝑓𝑦 + 𝑓𝑡

8
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4. (a)
𝑤 = 𝑓 (𝑥, 𝑦, 𝑢) = 𝑎𝑥2 + 𝑏𝑥𝑦 + 𝑐𝑢

𝑥 = 𝛼𝑢 + 𝛽𝑣

𝑦 = 𝛾𝑢

𝑑𝑤

𝑑𝑢
= 𝑓 𝑥

𝑑𝑥

𝑑𝑢
+ 𝑓 𝑦 · 𝑑𝑦

𝑑𝑢
+ 𝑓𝑢

= (2𝑎𝑥 + 𝑏𝑦)𝛼 + 𝛾𝑏𝑥 + 𝑐

= (2𝑎𝛼 + 𝛾𝑏)𝑥 + 𝛼𝑏𝑦 + 𝑐

= (2𝑎𝛼 + 𝛾𝑏) (𝛼𝑢 + 𝛽𝑣) + 𝛾𝛼𝑏𝑢 + 𝑐

(b)
𝑤 = 𝑓 (𝑥1, 𝑥2)
𝑥1 = 5𝑢2 + 3𝑣

𝑥2 = 𝑢 − 4𝑣3

𝑑𝑤

𝑑𝑢
= 𝑓1

𝑑𝑥1
𝑑𝑢

+ 𝑓2
𝑑𝑥2
𝑑𝑢

= 𝑓1 · 10𝑢 + 𝑓2 = 10𝑢 𝑓1 + 𝑓2

𝑑𝑤

𝑑𝑣
= 𝑓1

𝑑𝑥1
𝑑𝑣

+ 𝑓2
𝑑𝑥2
𝑑𝑣

= 𝑓1 · 3 + 𝑓2

(
−12𝑣2

)
= 3 𝑓1 − 12𝑣2 𝑓2
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